Differential equation with discontinuities

y,,+y:{t if0<t<2r y(0) =
)

0 ifar<t y'(0

1. Convert piecewise to Heaviside
2. Laplace transform (shift before)
3. Simplify
4. Partial fractions
5. Inverse Laplace (shift after)
6. Convert Heaviside to piecewise



. Convert piecewise to Heaviside

(t) = t ifo<t<2r
W =N0 ifor<t

g(t) = tfuo(t) — uon(t)]
= t[1 — ()]
=t — tup(t)



2. Laplace transform (shift before)

Y'+y=t—tu(t), y0)=1, Yy (0)=1

L{tup (1)} = e *™L{t + 27}

1 1 2
52Y—S—1—‘[—Y:__ _+_7T e—27rs
52 s2 s



3. Simplify

1 1 2
SY—S—]_—}—Y___ _+_7T e—27rs
s2 s2 s
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sSS+s2+1 C2ns+1
(5 +1)Y 52 52 e 2rs
$+s2+1  2ms+1  _,.

- 2(s2 + 1) - 2(s2 + 1) €



4. Partial fractions

sS+s?+1 A+B+C5+D
s2(s2+1) 2 s s2+41

A(s*+ 1)+ Bs(s*> + 1)+ (Cs + D)s* = s> + s> + 1

s=0:A=1
s=i:—(C+D)=—i
— C=1, D=0
s=1:2A+2B+C+D =3
— B=0



4. Partial fractions again

2rs+1 A+B+C5+D
2(s2+1) 2 s s2+41

A(s* 4+ 1) + Bs(s* + 1) + (Cs + D)s* = 27rs + 1

s=0:A=1
s=i:—(C+D)=2mi+1
— C=—2ri, D=1
s=1:2A+2B+C+D=2n+1
— B=2r



5. Inverse Laplace transform (shift after)

y_Ll, s 1 or 2ms+1\ .
52 241 2 s s2+1

E_l{l or  2ms +1

2t P } = t+27—27 cos(t)—sin(t)

y =t + cos(t)
— [t — 2w cos(t — 27m) — sin(t — 2)] o, (t)



6. Convert Heaviside to piecewise
y=t+cost— (t—2mcost —sint) ux(t)

_ [t+cost if0<t<2m
Y= l@r+1)cost +sint if2r <t
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